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Abstract 

We construct new models of iV=8 superconformal mechanics associated with the 
off-shell N=8,d=l supermultiplets (3,8,5) and (5,8,3). These two multiplets are 
derived as iV=8 Goldstone superfields and correspond to nonlinear realizations of 
the N=8, d=l superconformal group 05p(4*|4) in its supercosets v ^^sois) anc ^ 

si?{2) r %>zx>(a) ' respectively. The irreducibility constraints for these superfields auto- 
matically follow from appropriate superconformal covariant conditions on the Car- 
tan superforms. The N=8 superconformal transformations of the superspace coor- 
dinates and the Goldstone superfields are explicitly given. Interestingly, each iV=8 
supermultiplet admits two different off-shell iV=4 decompositions, with different 
iV=4 superconformal subgroups SU(1, 1|2) and OSp(4*\2) of OSp(4*|4) being man- 
ifest as superconformal symmetries of the corresponding iV=4, d=l superspaces. We 
present the actions for all such iV=4 splittings of the iV=8 multiplets considered. 



1 Introduction 



Supersymmetric quantum mechanics (SQM) pQ - [2H 1 has plenty of applications ranging 
from the phenomenon of spontaneous breaking of supersymmetry EJ [T] to the descrip- 
tion of the moduli of supersymmetric monopoles and black holes [T2~] EJ EH IS] • The 
latter topic is closely related to the AdS2/CFTi pattern of the general AdS/CFT corre- 
spondence |2H1, and it is the superconformal versions of SQM 

which are relevant in this context. Most attention has been paid to SQM models with 
extended N=2n supersymmetries (where n=l, 2, . . .) 2 because the latter are related to 
supersymmetries in d>l dimensions via some variant of dimensional reduction. 

So far, the mostly explored example is SQM with N<4 supersymmetry. However, the 
geometries of d=l sigma models having N>4 supercharges are discussed in ^21 EE]- Up 
to now, concrete SQM models with N=8, d—1 supersymmetry have been of particular 
use. In [12] such sigma models were employed to describe the moduli of certain solitonic 
black holes. In [H], a superconformal N=8,d=l action was constructed for the low 
energy effective dynamics of a DO-brane moving in D4-brane and/or orientifold plane 
backgrounds (see also [2HH2I3)- In [21]; N=8 SQM yielded the low energy description of 
half-BPS monopoles in N=4 SYM theory. 

It appears to be desirable to put the construction and study of iV=8 (and perhaps 
iV>8) SQM models on a systematic basis by working out the appropriate off-shell super- 
field techniques. 

One way to build such models is to perform a direct reduction of four-dimensional 
superfield theories. For instance, one may start from a general off-shell action contain- 
ing k copies of the d=4 hyp er mult iplet, naturally written in analytic harmonic superspace 
j3Ul[3T], and reduce it to d—1 simply by suppressing the dependence on the spatial coordi- 
nates. The resulting action will describe the most general N=8 extension of a d—1 sigma 
model with a 4fc-dimensional hyper-Kahler target manifold. Each reduced hypermultiplet 
yields a N=8, d=l off-shell multiplet (4, 8, oo) [32] containing four physical bosons, eight 
physical fermions and an infinite number of auxiliary fields just like its d=4 prototype. 

A wider class of N=8 SQM models can be constructed reducing two-dimensional 
iV=(4,4) or heterotic N=(8, 0) sigma models. In this way one recovers the off-shell 
N=8,d=l multiplets (4,8,4) and (8,8,0) [33]. The relevant superfield actions describe 
N=8, d—1 sigma models with strong torsionful hyper-Kahler or octonionic-Kahler bosonic 
target geometries, respectively [T2"j . 

Although any d—1 super Poincare algebra can be obtained from a higher- dimensional 
one via dimensional reduction, this is generally not true for d—1 superconformal algebras 
[33] [33] and off-shell d—1 multiplets. For instance, no d=4 analog exists for the N=4, d—1 
multiplet with off-shell content (1,4,3) or (3,4,1) EU [2D[ (while the multiplet 
(2,4,2) is actually a reduction of the chiral d=4 multiplet). Moreover, there exist off- 
shell d=l supermultiplets containing no auxiliary fields at all, something impossible for 
d>3 supersymmetry. Examples are the multiplets (4,4,0) [TBJ EH] and (8,8,0) [33] of 
N=4 and N=8 supersymmetries in d=l. This zoo of d=l supermultiplets greatly enlarges 
the class of admissible target geometries for supersymmetric d—1 sigma models and the 
related SQM models. Besides those obtainable by direct reduction from higher dimensions, 

1 See |27] for a more exhaustive list of references. 

2 By N in SQM models we always understand the number of real d—1 supercharges. 
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there exist special geometries particular to d—1 models and associated with specific d—1 
supermultiplets. 

In fact, dimensional reduction is not too useful for obtaining super conformally in- 
variant d=l superfield actions which are important for the study of the AdS2/CFT! 
correspondence. One of the reasons is that the integration measures of superspaces hav- 
ing the same Grassmann-odd but different Grassmann-even dimensions possess different 
dilatation weights and hence different superconformal transformation properties. As a re- 
sult, some superconformal invariant superfield Lagrangians in d=l differ in structure from 
their d=4 counterparts. Another reason is the already mentioned property that most d=l 
superconformal groups do not descend from superconformal groups in higher dimensions. 
The most general N=4, d=l superconformal group is the exceptional one-parameter (a) 
family of supergroups D(2, 1; a) which only at the special values a=0 and a=— 1 (and 
at values equivalent to these two) reduces to the supergroup SU(l, 1|2) obtainable from 
superconformal groups SU(2,2\N) in d—4. 

Taking into account these circumstances, it is advantageous to have a convenient su- 
perfield approach to d=l models which does not resort to dimensional reduction and is 
self-contained in d—1. Such a framework exists and is based on superfield nonlinear re- 
alizations of d—1 superconformal groups. It was pioneered in [3] and recently advanced 
in |22J EB]. Its basic merits are, firstly, that in most cases it automatically yields the 
irreducibility conditions for d—1 superfields and, secondly, that it directly specifies the 
superconformal transformation properties of these superfields. The physical bosons and 
fermions, together with the d—1 superspace coordinates, prove to be coset parameters 
associated with the appropriate generators of the superconformal group. Thus, the dif- 
ferences in the field content of various supermultiplets are attributed to different choices 
of the coset supermanifold inside the given superconformal group. 

Using the nonlinear realizations approach, in all known off-shell multiplets of 
N=4, d=l Poincare supersymmetry were recovered and a few novel ones were found, in- 
cluding examples of non-trivial off-shell superfield actions. With the present paper we 
begin a study of N=8, d—1 supermultiplets along the same line. We will demonstrate 
that the (5, 8, 3) multiplet of ref. [TT] comes out as a Goldstone one, parametrizing a 
specific coset of the supergroup OSp(4*\4) such that four physical bosons parametrize 
the coset SO(5)/SO(4) while the fifth one is the dilaton. The appropriate irreducibility 
constraints in N=8, d—1 superspace immediately follow as a consequence of covariant in- 
verse Higgs jHZ] constraints on the relevant Cartan forms. As an example of a different 
N=8 mechanics, we construct a new model associated with the N=8, d=l supermulti- 
plet (3,8,5). This supermultiplet parametrizes another coset of OSp(4*\4) such that 
SO(5) C OSp(4*\4) belongs to the stability subgroup while one out of three physical 
bosons is the coset parameter associated with the dilatation generator and the remaining 
two parametrize the R-symmetry coset SU(2)r/U{1)r. This model is a direct N=8 ex- 
tension of some particular case of the N—4, d=l superconformal mechanics considered in 
|2*2~] and the corresponding bosonic sectors are in fact identical. For both N=8 supermul- 
tiplets considered, we construct invariant actions in N=4, d=l superspace. We find an 
interesting peculiarity of the N—4, d=l superfield representation of the model associated 
with a given N=8 multiplet. Depending on the N = 4 subgroup of the N = 8 super 
Poincare group, with respect to which we decompose the given N = 8 superfield, we 
obtain different splittings of the latter into irreducible N=4 off-shell supermultiplets and, 
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consequently, different N=4 off-shell actions, which however produce the same component 
actions. There exist two distinct N=4 splittings of the considered multiplets, namely 

(5, 8, 3) = (3, 4, 1) © (2, 4, 2) or (5, 8, 3) = (1, 4, 3) © (4, 4, 0) , (1.1) 

(3, 8, 5) = (1, 4, 3) © (2, 4, 2) or (3, 8, 5) = (3, 4, 1) © (0, 4, 4) . (1.2) 

The first splitting in (jl.lj) is just what has been employed in [TT) . The second splitting is 
new. For both of them we write down N=8 superconformal actions in standard N=4, d=l 
superspace. The latter is also suited for setting up the off-shell superconformal action cor- 
responding to the first option in (jl.2j) . As for the second splitting in (jl.2j) . the equivalent 
off-shell superconformal action can be written only by employing N=4, d=l harmonic 
superspace since the kinetic term of the multiplet (0,4,4) is naturally defined just 
in this superspace. 

The paper is organized as follows. In Section 2 we give a N=8 superfield formulation of 
the multiplet (3, 8, 5), based on a nonlinear realization of the superconformal supergroup 
OSp(4*\4). In Sections 3 and 4 we present two alternative N=4 superfield formulations 
of this multiplet and the relevant off-shell superconformal actions. Section 5 is devoted 
to treating the multiplet (5, 8, 3) along the same lines. A summary of our results and an 
outlook are the contents of the concluding Section 6. 

2 N=8, d=l superspace and tensor multiplet 

2.1 N=8, d=l superspace as a reduction of N=2, d=4 

It will be more convenient for us to start from the N = 8, d = 1 superfield description of the 
off-shell multiplet (3,8,5), since it is tightly related to the N — 4, d — 1 model studied 
in [22] • We shall first recover it within the dimensional reduction from N = 2, d = 4 
superspace. 

The maximal automorphism group of N = 8, d — 1 super Poincare algebra (without 
central charges) is 5*0(8) and so eight real Grassmann coordinates of N = 8, d = 1 
superspace can be arranged into one of three 8-dimensional real irreps of SO (8). For our 
purpose in this paper we shall split these 8 coordinates in another way, namely into two 
real quartets on which three commuting automorphism SU(2) groups will be realized. 

A convenient point of departure is N = 2, d = 4 superspace (x m , 9f, 6 ia ) whose auto- 
morphism group is SL(2,C) x U(2)r. The corresponding covariant derivatives form the 
following algebra: 3 

{V^%}=2i^d a6i , (2.3) 

where T>ja = —(T>a). The N = 2,d = 4 tensor multiplet is described by a real isotriplet 
superfield V^ k ' subjected to the off-shell constraints 

v (i V 3k) = pCjyi*) = _ ^ 

These constraints can be reduced to d — 1 in two different ways, yielding multiplets 
of two different d = 1 supersymmetries. 

3 We use the following convention for the skew-symmetric tensor e: e^e^ — <5f , ei2 — e 21 = 1 . 
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To start with, it has been recently realized [36J that many N = 4, d = 1 superconformal 
multiplets have their N = 2,d = 4 ancestors (though the standard dimensional reduction 
to N = 4, d = 1 superspace proceeds from N = l,d = 4 superspace, see e.g. 0). The 
relation between such d — 4 and d = 1 supermultiplets is provided by a special reduction 
procedure, whose key feature is the suppression of space-time indices in d = 4 spinor 
derivatives. The superfield constraints describing the N — 4, d = 1 supermultiplets are 
obtained from the N = 2, d = 4 ones by discarding the spinorial SL(2,C) indices and 
keeping only the R-symmetry indices. For instance, the constraints (|2.4j) after such a 
reduction become 

Here, the 'reduced' N = A,d = 1 spinor derivatives D l , D 3 are subject to 

\D\D j } = 2ie ij d t (2.6) 

and d a a — > dj. The iV = 4, d — 1 superfield obeying the constraints (|2.5J) contains four 
bosonic (three physical and one auxiliary) and four fermionic off-shell components, i.e. it 
defines the N — 4, d — 1 multiplet (3, 4, 1). It has been employed in [H] for constructing 
a general off-shell sigma model corresponding to the iV = 4 SQM model of [2] and [H]. 
The same supermultiplet was independently considered in PUJ |2D] and then has been used 
in [22] to construct a new version of iV = 4 superconformal mechanics. It has been also 
treated in the framework of N — 4, d — 1 harmonic superspace [23] • 

Other iV = 2, d = 4 supermultiplets can be also reduced in this way to yield their N = 
4, d = 1 superspace analogs jHH]- It should be emphasized that, though formally reduced 
constraints look similar to their iV = 2, d = 4 ancestors, the irreducible component field 
contents of the relevant multiplets can radically differ from those in d = 4 due to the 
different structure of the algebra of the covariant derivatives. For example, (|2.4|) gives rise 
to a notoph type differential constraint for a vector component field, while (|2.5|) does not 
impose any restriction on the t-dependence of the corresponding component fields. As an 
extreme expression of such a relaxation of constraints, some N = 2, d = 4 supermultiplets 
which are on-shell in the standard d — 4 superspace in consequence of their superfield 
constraints, have off-shell iV = 4, d = 1 counterparts. This refers e.g. to the N — 2,d — 1 
hypermultiplet without central charge 38. (leaving aside the formulations in iV = 2, d = 4 
harmonic superspace [31H l3*Tj). 

Another, more direct way to reduce some constrained N = 2,d = 4 superfield to 
d = 1 is to keep as well the SL{2, C) indices of spinor derivatives, thus preserving the 
total number of spinor coordinates and supersymmetries and yielding a N = 8, d = 1 
supermultiplet. However, such a reduction clearly breaks SL(2, C) down to its SU{2) 
subgroup 

jpia^j = 2ie ij e af3 d t . (2.7) 

A closer inspection of the relation (|2.7J) shows that, besides the U(2)r automorphisms 4 
and the manifest SU(2) realized on the indices a, (5 and inherited from SL(2,C), it also 
possesses the hidden automorphisms 

gj, = A?% , m a = -hiV% A a a = 0, (2.8) 

4 Hereafter, we reserve the term 'R-symmetry' for those automorphisms of d = 1 Poincare superalgebra 
which originate from R-symmetries in d — 4. 
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which emerge as a by-product of the reduction. Together with the manifest SU(2) and 
overall phase U(1)r transformations, (|2.8|) can be shown to form USp{4) ~ SO(5). The 
transformations with = — A^j close on the manifest SU(2) and, together with the latter, 
constitute the subgroup Spin(4) = SU(2) x SU{2) C USp{4). The manifest SU{2) forms 
a diagonal in this product. Passing to the new basis 

D ia = —= (V ia + V ia ) , S7 ia = (V ia - V ia ) , (D ia ) = -Dia , (V ia ) = - V ia , 
v 2 v 2 

(2.9) 

one can split ()2.7|) into two copies of A" = 4, = 1 anticommutation relations, such that 
the covariant derivatives from these sets anticommute with each other 

{D m , D jb ] = 2ie ij e ah d t , { V ia , V j/3 } = 2ie ij e aP d t , {D ia , V ja } = . (2.10) 

These two mutually anticommuting algebras pick up the left and right SU (2) factors of 
Spin(A) as their automorphism symmetries. Correspondingly, the N — 8, d — 1 super- 
space is parametrized by the coordinates (t, 6 ia , 1?^), subjected to the reality conditions 

J0~)=0 ia , Wa)=^ Q - (2-11) 

Such a representation of the algebra of N = 8, d = 1 spinor derivatives manifests three 
mutually commuting automorphism SU(2) symmetries which are realized, respectively, 
on the doublet indices i, a and a. The transformations from the coset USp(4)/ Spin(4) ~ 
SO(5)/SO(A) rotate D % a and through each other (and the same for 9 ia and 'dia). 

In this basis, the N = 8,d = 1 reduced version of = 2, d = 4 tensor multiplet (|2.4j) 
is defined by the constraints 

D {iyjk) = V {iyjk) _ g ^ 212 ^ 

This off-shell AT = 8, d = 1 multiplet can be shown to comprise eight bosonic (three 
physical and five auxiliary) and eight fermionic components, i.e. it is (3,8,5). We shall 
see that ()2.12j) implies a d = 1 version of the d = 4 notoph field strength constraint whose 
effect in d = 1 is to constrain some superfield component to be constant [5]. 

In the next Section we shall show that the N = 8,d = 1 tensor multiplet V 1 ^ defined 
by ()2.12|) can support, besides the manifest N = 8, d = 1 Poincare supersymmetry, also 
a realization of the N = 8,d = 1 superconformal algebra osp(4*\4). While considered as 
a carrier of the latter, it can be called l N — 8, d — 1 improved tensor multiplet'. In fact, 
like its A^ = 4, d = 1 counterpart (3, 4, 1), it can be derived from a nonlinear realization of 
the supergroup OSp(4*\4) in the appropriate coset supermanifold, without any reference 
to the dimensional reduction from d = 4. 

2.2 Superconformal properties of the N=8, d=l tensor multi- 
plet 

The simplest way to find the transformation properties of the N = 8,d = 1 tensor 
multiplet V l i and prove the covariance of the basic constraints (|2.12|) with respect to the 
superconformal A^ = 8 superalgebra osp(4*|4) is to use the coset realization technique. 
All steps in this construction are very similar to those employed in (221- So we quote here 
the main results without detailed explanations. 
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We use the standard definition of the superalgebra osp(4*\4) [SHI. It contains the 
following sixteen spinor generators: 



QT A , QT A , (Q taA ) = e^a b Q jbA , (i, a,a,A= 1, 2), (2.13) 
and sixteen bosonic generators: 

T AB ytf rpab^ T a/3 ? jjaa _ ^ ^ 

The indices A, i, a and a refer to fundamental representations of the mutually commuting 
sl{2, R) ~ T^ B and three su{2) ~ T % \ T® b , algebras. The four generators U aa belong 
to the coset SO(5)/SO(4) with SO (4) generated by T^ b and T 2 ■ The bosonic generators 
form the full bosonic subalgebra si (2, R) © su{2) R © so(5) of osp(4*|4). 

The commutator of any T-generator with Q has the same form, and it is sufficient 
to write it for some particular sort of indices, e.g. for a, b (other indices of Q l i 2 being 
suppressed) : 

[T ab , Q c ] = -- (e ac Q b + t bc Q a ) . (2.15) 
The commutators with the coset SO(5)/ SO(4) generators U aa have the following form 

[Tract /^ibA] ■ ab r^ictA Tract /^d(3A ■ otli r\iaA /q -i c\ 

[U ,Qx J = — *e Q 2 , U ,Q 2 H = -te *Q X . (2.16) 
At last, the anticommutators of the fermionic generators read 

{Q[ aA , Qi B } = -2 {t l] e ab T AB - 2e ij e AB Tf + t ab e AB T 3 ) , 

|Q^ aA , Qf B } = -2 (>e Q/3 T AB - 2e l h AB Tf + e Q V B T^') , 

{<5f A , Qi aB } = 2e lJ e AB U aa . (2.17) 

From ()2.17|) it follows that the generators Q™ A and Q l ^ A , together with the corresponding 
bosonic generators, span two osp(4*\2) subalgebras in osp(4*\4). For what follows it is 
convenient to pass to another notation, 

P = T 22 , K = T n , D = -T 12 , V = T 22 , V = T 11 , V 3 = T 12 , 

Qia _ _gia2 ; Q ia = _gia2 ; gta = giri gia = gial _ 

One can check that P and Q m , Q ta constitute a iV = 8, d = 1 Poincare superalgebra. 
The generators D,K and S ia ,S ta stand for the d — 1 dilatations, special conformal 
transformations and conformal supersymmetry, respectively. The full structure of the 
superalgebra osp(4*\4) is given in Appendix. 

Now we shall construct a nonlinear realization of the super conformal group OSp(4*\4) 
in the coset superspace with an element parametrized as 

g _ e itP e e, a Q' a +tf, a Q* a e ^ la S* a +t la S* a e izK e iuD e i^V+iW (2 19) 

The coordinates t, 9 ia , $ ia parametrize the N — 8, d = 1 superspace. All other supercoset 
parameters are Goldstone N = 8 superfields. The stability subgroup contains a sub- 
group U(1)r of the group SU(2)r realized on the doublet indices i, hence the Goldstone 
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superfields 0,0 parametrize the coset SU{2) r /U{1)r. The group 5*0(5) is placed in the 
stability subgroup. It linearly rotates the fermionic Goldstone superfields ip and £ through 
each other, equally as the N = 8, d = 1 Grassmann coordinates 9 and $'s. To summarize, 
in the present case we are dealing with the supercoset u^^so(5) • 

The semi-covariant (fully covariant only under N = 8 Poincare supersymmetry) spinor 
derivatives are defined by 

Dia = 7^T + %QiaQ t > V " = T^T" + ■ ( 2 - 2 °) 

Their anticommutators, by construction, coincide with (|2.1(J|) . 

A natural way to find conformally covariant irreducibility conditions on the coset 
superfields is to impose the inverse Higgs constraints [371 on the left-covariant Cartan 
one-form Q valued in the superalgebra osp(4*\4). This form is defined by the standard 
relation 

g- 1 dg = n. (2.21) 
In analogy with fZ*2\ IHd] , we impose the following constraints: 

u D = 0, uj v \=uj v \=0 (2.22) 

where | denotes the spinor projection. These constraints are manifestly covariant under 
the whole supergroup. They allow one to express the Goldstone spinor superfields and 
the superfield z via the spinor and t-derivatives, respectively, of the remaining bosonic 
Goldstone superfields u, 



iD ia u = -2ip ia , iV ia u = -2C a , u = 2z , 

iD la A = 2A (^ la + Aip 2a ) , iD 2a A = -2 (^ la + A^ 2a ) , 

iV la A = 2a (£ la + A£ 2a ) , iV 2a A = -2A (£ la + A£ 2a ) , (2.23) 

where 

tan y dxb , -r- tan \ J 66 - . 
A = ^=P-6 , A = . (2.24) 



Simultaneously, eqs. ()2.23j) imply some irreducibility constraints for u,6,(f). After intro- 
ducing a new N = 8 vector superfield V* 3 ' such that = and V lk = e^e^/V" 1 fc , 
via 



A „oo . n: .. A i „1 - AA 



V 11 = -iV2e u —^= , V 22 = iV2e u —^= ,V 12 = ^e^ 

1 + AA 1 + AA sf2 1 + AA 

V 2 = V lk V ik = e 2u , (2.25) 

and eliminating the spinor superfields from ()2.23|) . the differential constraints on the 
remaining Goldstone superfields can be brought in the manifestly S[/(2)#-symmetric form 

D (iyjk) = o ) y a {i V jk) = , (2.26) 
which coincides with (j2.12|) . For further use, we present one important consequence of 

(jZSED 

d t (D?D ja V ij + VfV ja V ij ) = => VfV ja V ij = 6m - D?D ja V ij , m = const. (2.27) 



The specific normalization of the arbitrary real constant m is chosen for convenience. 

Besides ensuring the covariance of the basic constraints ()2.26|) with respect to 05p(4*|4) 
and clarifying their geometric meaning, the coset approach provides the easiest way to 
find the transformation properties of all coordinates and superfields. Indeed, all transfor- 
mations are generated by acting on the coset element (|2.19|) from the left by the elements 
of osp(4*\4). Since all bosonic transformations appear in the anticommutator of the con- 
formal supersymmetry and Poincare supersymmetry, it is sufficient to know how is 
transformed under these supersymmetries. 

The N — 8, d — 1 Poincare supersymmetry is realized on superspace coordinates in 
the standard way 

6t = -t(r ]ia 6 ia + r ]ia $ ia ) J 68 ta = Via , 6^ = ^ (2.28) 

and V lk is a scalar with respect to these transformations. On the other hand, N = 8 
superconformal transformations are non-trivially realized both on the coordinates and 
coset superfields 

St = -it (e ia 9 ia + e ia # ia ) + (e^ a + ei& a ) (e^ + </9 0?) , 

SOia = te ia - ie{d jh d\ + 2%e h d\Q ia - i4& ja 0? + 2ie ( *# i Ji , 

5# ia = te ia - isij^l + 2ie^^ a - ie{e ja et + 2ie{9^ ja , 

5u = -2% (e ia 6 ia + e ia $ ia ) , 5 A = a + ibA + aA 2 , (2.29) 

where 

a = 2% (e a 2 9 2a + s^ 2a ) ,a = 2i {e a x 9 la + e^ la ) , 

b = -2 {el9 2a + e a 2 6 la + £ y 2a + e%ti la ) . (2.30) 

The conformal supersymmetry transformation of V IJ ' has the manifestly Spin(4:) x SU(2)r 
covariant form 

5V ij = 2% [(9 ka e ka + $ ka s ka )V l i + (e a ^9 ka + e a k 6% + e a H koi + e^l)V i)k ] . (2.31) 

Thus we know the transformation properties of the iV = 8 'tensor' multiplet V 1 ^ 
under the N = 8 superconformal group OSp{4*\4). Before turning to the construction 
of superconformal invariant actions, in the next Section we will study how this N = 8 
multiplet is described in N = 4, d — 1 superspace. 

3 N=8, d=l tensor multiplet in N=4 superspace 

While being natural and very useful for deriving irreducibility constraints for the su- 
perfields and establishing their transformation properties, the iV = 8, d = 1 superfield 
approach is not too suitable for constructing invariant actions. The basic difficulty is, 
of course, the large dimension of the integration measure, which makes it impossible to 
write the action in terms of this basic superfields without introducing the prepotential 
and/or passing to some invariant superspaces of lower Grassmann dimension, e.g. chiral 
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or harmonic analytic superspaces. Another possibility is to formulate the N = 8 tensor 
multiplet in N = 4, d = 1 superspace. In such a formulation half of N = 8 supersymme- 
tries is hidden and only N = 4 supersymmetry is manifest. Nevertheless, it allows a rather 
straightforward construction of N = 8 supersymmetric and superconformal actions. Just 
this approach was used in ^T]. In the next sections we shall reproduce the action of ^T] 
and construct new N = 4 superfield actions with second hidden N = 4 supersymmetry, 
both for vector and tensor N = 8 multiplets. In the present section we consider two 
N = 4 superfield formulations of the N = 8 tensor multiplet. 

3.1 (3,8,5) = (3,4,1)0(0,4,4) 

In order to describe the N = 8 tensor multiplet in terms of N = 4 superfields we should 
choose the appropriate N = 4 superspace. The first (evident) possibility is to consider 
the N = 4 superspace with coordinates 

(t,e ia ). (3.i) 

In this superspace the N = 4 conformal supergroup 

OSp(4*\2) ~ {P, K, D, T ij , Tf, Q m , S ia ] 

is naturally realized, while the rest of the osp(4*\4) generators mixes two irreducible 
N = 4 superfields comprising the (3, 8, 5) N = 8 supermultiplet in question. Expanding 
the N = 8 superfields V 1 ^ in -& ia , one finds that the constraints (|2.26|) leave in V l i the 
following four bosonic and four fermionic N = 4 projections: 

v ij = yij | ) £ = Vja yij | f ^4 = V fV ja V ij | (3.2) 

where | means restriction to d ia = 0. Each N = 4 superfield is subjected, in virtue of 
(|2.26j) . to an additional constraint 

D (i v jk) = o D {i e j) = 

A = 6m- D?D aj v ij , m = const , (3.3) 

where we used (|2.27|) . 

Thus, we conclude that our = 8 tensor multiplet V % \ when rewritten in terms of 
iV = 4 superfields, amounts to a direct sum of the N = 4 'tensor' multiplet v ^ with the 
(3, 4, 1) off-shell content and a fermionic analog of the N = 4 hypermultiplet with the 
(0,4,4) off-shell content, 5 plus a constant m of dimension of mass (i.e. (cm" 1 )). The 
conservation- law type condition (J2.27j) yielding this constant is in fact a d — 1 analog of 
the 'notoph' condition d m A m (x) = of the iV = 2, d = 4 tensor multiplet; the appearance 
of a similar constant in the case of the N = 4,d = 1 supermultiplet (1,4,3), which is 
defined by the d — 1 reduction of the N = 1, d = 4 tensor multiplet constraints, was 
earlier observed in [S]. 

5 This supermultiplet has been introduced in its off-shell superfield action was given in [23] in the 
framework of N = 4, d = 1 harmonic superspace. 



9 



The transformations of the implicit N = 4 Poincare supersymmetry completing the 
manifest one to the full N = 8 Poincare supersymmetry have the following form in terms 
of N = 4 superfields: 

5*v ij = r}^ -rj^ j) , S*C = -Ivr]^ -\rfD^D k v ]k + 6mrf , (3.4) 

J 3 

where we passed to standard N — 4, d — 1 derivatives (12.61) 

D i = D a , if = D i2 (3.5) 

and the complex notation 

Since any other osp(4*\4) transformation appears in the anticommutator of N = 4 con- 
formal supersymmetry (realized as in (|2.29|) - (j2.31|) with e = $ = 0) and implicit N = 4 
Poincare supersymmetry transformations, it suffices to require invariance under these two 
basic supersymmetries when constructing invariant actions for the considered system in 
the N — 4, d — 1 superspace. Note that we could equally choose the N — 4, d — 1 super- 
space (tjfiia) to deal with, and expand with respect to 9i a . The final N = 4, d = 1 
splitting of the multiplet (3, 8, 5) will be the same modulo the interchange a <-> a. These 
two 'mirror' choices manifestly preserve covariance under the R-symmetry group SU(2)r 
realized on the indices i, k. 

3.2 (3,8,5) = (1,4,3)0(2,4,2) 

Surprisingly, there is a more sophisticated choice of a iV = 4 subspace in the N = 8, d = 1 
superspace which gives rise to a different N = 4 splitting of the considered N = 8 
supermultiplet, namely, that into the multiplets (1,4,3) and (2,4,2). It corresponds to 
dividing the N = 8, d = 1 Grassmann coordinates with respect to the SU(2)r doublet 
indices. As a result, the SU(2) R symmetry becomes implicit, as opposed to the previous 
options. 

The essential difference between two possible N = 4 splittings is closely related to 
the fact that they are covariant under different N = 4, d = 1 superconformal groups. 
The most general N = 4, d = 1 superconformal group is known to be D(2, 1; a) and its 
(anti) commutation relations involve an arbitrary parameter a. The N = 4, d = 1 super- 
conformal group OSp(4*\2) C OSp(4*\4) which is explicit in the N = 4, d = 1 superfield 
formulation discussed in the previous subsection is just D(2, l;a = 1) ~ OSp{4*\2). 
One can wonder whether OSp(4*|4) contains as a subgroup also some other special case 
of D(2, 1;ck) corresponding to a different choice of a. Our approach immediately im- 
plies that OSp(4*\4) contains another N — 4,d — l superconformal group S77(l,l|2) ~ 
D(2, l;a = —1). Although this fact can be of course established by an inspection of 
the root diagrams for OSp(4*\4), in our approach it is visualized in the possibility of the 
just mentioned alternative splitting of the multiplet (3, 8, 5) into the sum of the off-shell 
N = 4, d = 1 multiplets (1, 4, 3) and (2, 4, 2). The latter is a chiral N = 4 multiplet, while 
the only N = 4,d = 1 superconformal group which respects chirality is just 577(1, 1|2) 
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Using the (anti) commutation relations (|2.15j) - (|2.17|) one can check that the following 
fermionic generators: 

Q" = Q{" 2 + % Q\-\ Q a = Q{" 2 - % Q\-\ S a = Q\ al + iQ\ a \ S a = Q\ al - iQl al , (3.7) 

together with the bosonic ones 

P, D, K, T ab = Tf + Pf, Z = U 12 - U 21 - 2iT 12 , (3.8) 

indeed form a su(l, 1|2) superalgebra with central charge Z. Let us note that the only 
su{2) subalgebra which remains manifest in this basis is the diagonal su(2) ~ T ab in 

o(4) ~ (rf, Tf) . 

The splitting of the N = 8 superfield in terms of the N = 4 ones in the newly 
introduced basis can be performed as follows. Firstly, we define the new covariant deriva- 
tives with the indices of the fundamental representations of the diagonal su{2) C Spin(4) 
as 

D a = ^= (D la + *V la ) , D a = -L (D 2 a - iV 2 a ) , 

V a = (P 2a + *V 2a ) , V a = - iVi) , (3.9) 

with the only non-zero anticommutators being 

{D a ,D b } = -2i5 a h d t , {V a , V b } = -2^. (3.10) 

Now, as an alternative N = 4 superspace we choose the set of coordinates closed under 
the action of D a , D a , i.e. 

(t, e la -i# la , o la + i$ la ), (3.ii) 

while the N = 8 superfields are expanded with respect to the orthogonal combinations 
6% - ztff , 61 + i$l annihilated by D a } D a . 

The basic constraints ()2.26|) . being rewritten through (|3.9|) . read 

D a (p = 0, D s d-VV = 0, V a v + P a ^ = 0, V a <^ = 0, 

V a </? = 0, V a v + D a p = 0, D a v-V a p = 0, D a ^ = 0, (3.12) 

where 

v = -2tV 12 , if = V l \ ip = V 22 . (3.13) 

Due to the constraints (j3.12jl . the derivatives V a and V a of every N = 8 superfield in the 
triplet (V 12 , V 11 , V 22 ) can be expressed as D a ,D a of some other superfield. Therefore, 
only the zeroth order (i.e. taken at 9% — i$2 = &i + ifif = 0) components of each N = 8 
superfield are independent N = 4 superfields. Moreover, these N = 4 superfields prove 
to be subjected to the additional constraints (which also follow from (|3.12Jl ) 

D a D a v = D a 13 a v = , £>V = 0, D o £ = 0. (3.14) 

The iV = 4 superfields yj, comprise the standard N = 4,d = 1 chiral multiplet (2, 4, 2), 
while the N = 4 superfield v subject to (|3.14j) and having the (1,4,3) off-shell content 
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is recognized as the one employed in |5J |B] for constructing the N = 4 superconformal 
mechanics and N = 4 supersymmetric quantum mechanics with partially broken super- 
symmetry. 

An immediate question is as to how the previously introduced constant m reappears 
in this new setting. The answer can be found in First of all, from the constraints 
(13~T4]) it follows that 

-| [D a ,D a ] v = => [D a ,D a ] v = const. (3.15) 

Secondly, rewriting the constraint (|2.27|) in terms of the new variables we obtain 

(VfV ja V ij + D?D ja V ij ) | = -3 [D a ,D a ] v = 6m [D a ,D a ] v = -2m. (3.16) 

Thus, the constant m now is recovered as a component of the N = 4 superfield v. As 
we already know from [5], the presence of this constant in v is crucial for generating the 
scalar potential term in the action. 

The realization of the implicit N = 4 supersymmetry on the N = 4 superfields v , ip, (p 
is as follows: 

8*v = r ]a D a y + f} a D a ip 1 5*ip = -r ]a D a v 1 8*Cp = -f) a D a v . (3.17) 

It is worth noting that in the considered N = 4 formulation, as distinct from the previous 
one, the constant m does not appear explicitly in the transformations of the implicit 
N = 4 supersymmetry (cf. (|3.4)l ). It is hidden inside the superfield v and shows up only 
at the level of the component action (see Sec. 4.1). 

To summarize, we observed a new interesting phenomenon: four different off-shell iV = 
4 supermultiplets with the component contents (3, 4, 1), (0, 4, 4), (1, 4, 3) and (2, 4, 4) can 
be paired in two different ways to yield the same N = 8 tensor supermultiplet (3, 8, 5). In 
a forthcoming paper j^U] we show that in fact all iV = 8, d = 1 supermultiplets admitting 
OSp(4*\4) as a superconformal group have two different N = 4 'faces', where either 
OSp(4*\2) or SU(1, 1|2) N = 4 superconformal symmetries are manifest. In Sect. 5 we 
demonstrate that the N = 8 supermultiplet with the off-shell content (5, 8, 3) employed 
in jllj . besides the known splitting (3, 4, 1)©(2, 4, 2) in terms of iV = 4 'tensor' and chiral 
supermultiplets, also admits a representation in terms of the N = 4 superfield v obeying 
(ETnj) and the N = 4, d = 1 'hypermultiplet'. This yields an alternative (1, 4, 3) ©(4, 4, 0) 
splitting of this N = 8 multiplet. 

Now we have all the necessary ingredients to construct invariant actions for the iV = 
8, d = 1 tensor multiplet in N = 4 superspace. 

4 N=4 superfield actions for V l] 

4.1 Actions for the (1,4,3)0(2,4,2) splitting 

In order to construct an invariant action for the N = 8 tensor multiplet in N = 4 super- 
space, one can proceed from any of its two alternative N = 4 superfield representations 
described above. We shall consider first the actions in terms of the N = 4 scalar superfield 
v subjected to the constraints (|3.14j) and the chiral superfields ip, <p~, i.e. for the splitting 
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described in Sect. 3.2. The equivalent action in terms of the N = 4 tensor multiplet 
v l i and the fermionic variant of the hypermultiplet £*, eq. ()3.3|) . is naturally constructed 
in the N = 4, d = 1 harmonic superspace of ref . [23] • It will be considered in the next 
subsection. 

The N = 8 supersymmetric free action for the supermultiplet v, if, (p reads 



S free = ~\J d td 4 9 (v 2 - 2ip(p) . 



(4.1) 



It is easy to check that it is indeed invariant with respect to the hidden N = 4 Poincare 
supersymmetry (J3.17|) which completes the manifest N = 4 one to iV = 8. 

The free action f)4. lj) is not invariant with respect to (super) conformal transformations. 
In order to construct a N = 8 superconformal invariant action for N = 4 superfields 
v, <p, <p, we follow a strategy which goes back to [39J and was applied in [22J for constructing 
a N = 4 superconformal action for the N = 4 tensor multiplet in N — 2, d — 1 superspace. 

The 'step- by-step' construction of [22] adapted to the given case works as follows. Let 
us start from the N = 4 superconformal invariant action for the superfield v |Sj 6 



Sn — — - 



dtd A 9 Ln 



v logv 



(4.2) 



The variation of L with respect to ()3.17|) . up to a total derivative, reads 

OLn = . 



(4.3) 



Thus, in order to ensure N = 8 supersymmetry, we have to add to L in ()4.2|) a term 
which cancels (|4.3j) . namely 



Li 



v 



(4.4) 



Continuing this recursive procedure further, we find the full Lagrangian yielding the N = 8 
supersymmetric action 



io g »+£(-ir^f^(^) 



n=l 



V v 2 J 



log [v + ^v 2 + Atptp + 1 - log 2 



— v 1,2 + 



(4.5) 



Discarding terms which do not contribute to the action as a consequence of the basic 
constraints (|3.14|) . we eventually obtain 



S 



v log (v + \/ v 2 + 4ipip j — \/ v 2 + 4ip<p 



(4.6) 



The last step is to check that the action ()4.6j) is invariant with respect to iV = 4 
superconformal transformations and so is iV = 8 superconformal (since the closure of 

6 In H4.2[> and the subsequent N = 4 actions we always assume that the N — 4 superfields containing 
the dilaton (i.e. v in the present case) start with a constant, hence no actual singularities appear. 
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N = A superconformal and N = 8 Poincare supersymmetries is N = 8 superconformal 
symmetry) . 

The subgroup of ()2.29|) - (|2.31|) with respect to which the N = 4 superspace (|3.1H1 is 
closed (i.e. SU(1, 1 1 2) ) is singled out by the following identification of the transformation 
parameters 

e lo = -ie la = "^=> e 2a = i£ 2a = ■ ( 4 - 7 ) 

The corresponding subset of N = 8 superconformal transformations is formed just by 
those transformations which leave intact the combinations 9% — an d #i + anti- 
commuting with both D a and D a . The N = 4 superconformal transformations of the 
superfields v,tp,(p have the following form: 

5v = -2i (e a 9 a + ?0 a ) v , 5(p = -tieJPip , 6<p = -M?0 a (p , (4.8) 

while the full integration measure transforms as 

5 {dtd 4 6) = 1% (e a 9 a + e a 6 a ) (dtd 4 6) . (4.9) 

The combination iptp/v 2 is invariant under (|4.8jl . Thus, only the first multiplier in (|4.5jl . 
i.e. the superfield f , is transformed. Therefore, the transformation of L (|4.5jl is 

= -2i (ej a + ?e a ) L (4.10) 

and cancels out the transformation of the measure (|4.9j) . ensuring the = 4 super- 
conformal invariance of the action ()4.6|) . Hence the latter, being also invariant under 
N = 8 Poincare supersymmetry, is invariant under the entire N = 8 superconformal 
group OSp(4*\4). 

The full component action is rather lengthy, but its pure bosonic core is remarkably 
simple. Integrating in ()4.6|) over Grassmann variables, discarding all fermions and elim- 
inating the auxiliary fields D^ a D b ^v \ and {D a D a )ip by their equations of motion, we end 
up with the bosonic action 7 : 

Aim mm 

(4.11) 



S R = I dt 1 



\Jv 2 + 4(p(p 



2a- i Aimtptp 
v + 40<y? — m — 2imv — 



where the fields v, <p, (p are the first, ^-independent terms in the N = 4 superfields v, <p, (p, 
respectively. 

The meaning of the action (j4.11j) can be clarified by passing to the new field variables 
q, X, A defined as 

/1-AA\ e"A e'A 

" = (tTax)' ^TTTy ^"TTaI* (4 ' 12 > 



In terms of these fields the action (|4.11|) becomes 



S B = 


1 dt 


e H q — m 









. a AA . AA- AA 

+ Ae q - =r 2im =- 

(1 + AA) 2 1 + AA 



(4.13) 



7 When passing to the component action we should take into account that the N = 4 superfield v 
contains the constant m among its components, [D a , Z3 a ] v = —2m. 
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This amounts to the sum of two conformally invariant d — 1 actions, i.e. that of conformal 
mechanics jH] and that of a charged particle moving in the field of a Dirac monopole. 
Thus, the bosonic part of the action f)4.5|) exactly coincides with the bosonic part of the 
action of N = 4, D(2, 1; a) super conformal mechanics [22] corresponding to the particular 
choice a = 1, for which D(2, 1; a) becomes OSp(4*\2). The mass parameter m, which is 
present among the components of the original N = 8 superfield V lk , plays the role of the 
coupling constant, in analogy with t 5j. Note that in [22] an analogous coupling constant 
appeared as a free parameter of the action, while in the considered case it arises as a 
consequence of the irreducibility constraints in N — 8, d — 1 superspace. 

We conclude that the action (|4.fi|) describes a iV = 8 supersymmetric extension of the 
conformally invariant action of the coupled system for the dilaton field and a charged 
particle in a Dirac monopole background. The fact that the bosonic sector of the action 
of this N = 8 superconformal mechanics coincides with that of the a = 1 case of the 
N = 4 superconformal mechanics action associated with the multiplet (3, 4, 1) finds its 
natural explanation in the existence of the alternative splitting (3, 8, 5) = (3, 4, 1) © 
(0,4,4), whose N = 4 actions are presented in in the next Subsection. The second 
multiplet contains no physical bosons and so does not contribute to the bosonic sector. 
The conformal N = 4 supergroup OSp(4*\2) is hidden in the action (|4.6p . but it becomes 
a manifest symmetry of the alternative N = 4 action. 

4.2 Superconformal action for the (3,4,1)©(0,4,4) splitting 

The action for the splitting of Subsect. 3.1 consists of two pieces. The first one is written 
in the customary iV = 4, d = 1 superspace and the second one in the analytic subspace of 
N = 4, d = 1 harmonic superspace j2Sj. So, we first need to rewrite the defining relations 
of the N = 4 superfields v and (first two eqs. in (|3.3|) ) in the harmonic superspace. 

We use the definitions and conventions of ref . (22] ■ The harmonic variables parametriz- 
ing the coset SU{2)r/U{\)r are defined by the relations 

U +l Ui =1 <^> ufuj - ujUi = 6ij , (u +i ) = Ui . (4.14) 

The harmonic projections of v lh ,^ l a are defined by 

w ++ = v ii u + u + , = £X+ f+ = ? u + , (4.15) 

v + - = -D— V ++ , v~~ = D— V + - (4.16) 
2 

and the relevant part of constraints ()3.3)1 is rewritten as 

D + v ++ = D + v ++ = , D ++ v ++ = , 

= D+£+ = o , = = . (4.17) 

Here D + = D l uf, D + = D % u\ , Z^ ±± = u^d/du^ 1 (in the central basis of the harmonic 
superspace), D l , D l are given in ()3.5|) and we use the notation £*) = £ m . The relations 
()4.17j) imply that v ++ and are analytic harmonic N = 4, d = 1 superfields living 

on the invariant subspace (Ci u t) = {^a,0 + ) 9 + ^f). In this setting, the transformations 
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of the hidden N = 4 supersymmetry (J3.4j) are rewritten as 

S*£+ = D + T> + (2f]-v + - - f] + V —) + 6mfj + , 
S*£+ = D + D + (2r)~v + - - r] + v—) + 6mr] + , 
S* v ++ = v + £ + - r? + £ + , 

v i j5*v v = (i] + v — rfv + ~)£ + — (r] + v + ~ + r]'v ++ )^ 
— {fj + v — fi~v + ~)£ > + + (fj + v + ~ — f]~V ++ )!;~ . 

The action is given by 



(4.18) 



S 



dtd 4 evv 2 - -j= I dude 



c v n 



+ 12m- 



(4.19) 



where dud(~ 
and 



Vl + c — v ++ (l + y/l + c — v ++ 
dudtAdO + dO + is the measure of integration over the analytic superspace 



+ C 1 



c ik ufu±, & 



const . 



(4.20) 

The first term in ()4.19|) is the superconformal (i.e. OSp(4*\2)) invariant kinetic term of 
v . The second and third ones are the kinetic term of £ + and the superconformal invariant 
potential term of v %k • The action ()4.19|) is manifestly N = 4 supersymmetric since it is 
written in terms of N = 4 superfields. However, its invariance with respect to the hidden 
N = 4 supersymmetry ()4.18j) must be explicitly checked. It is enough to demonstrate the 
invariance of ()4.19|) with respect to the r) part of (|4.18j) . 
The variations of the three terms in ()4.19|) are 



5S 1 



6S* 



dtd^ 5 ^ 



—= / dudC 
V2. 



D+D+ [(2r)-v 



T] + V ) «f 



V2 



dud(~ 



(vi + c— v++y 



(VTT 



c 



(VTT 



C IT 



(4.21) 



It is seen that the m-dependent terms are cancelled among SS2 and 5 S3. The first term 
in SS2 may be rewritten as an integral over the full N = 4 superspace using 



dtdud 6 



dud(—D + D + . 



Thus, the variation of the action (|4.19|) reads 

ss = I didU) 



v ij 5*Vij 1 j" (2r)-v+~ - rj+v—) £+ 



(VTT 



c 



(4.22) 
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Now, using ([4.18)1 . we identically rewrite the numerator in the second term in ()4.22|) as 

(2r]~v + ~ - T] + v~') £ + = -v ij 5*Vij + [(ri~v + ~£ + - r] + v + ~C) + V~v ++ C] 

= -v ij 6* Vij + [(50 + B 2 ] . (4.23) 

The first term in ()4.23|) does not depend on harmonics, so the corresponding part of the 
harmonic integral in ()4.22|) can be easily computed to yield 8 



1 ,,,, f , I v^5*Vi 

~3 



v ij 6 * Vij / du — = . (4.24) 



V2 J J (y/i + c —v++y 

This term is cancelled by the first one in (|4.22j) . Finally, we are left with 

SS=-^= ( dtd^edu — ^ 1 + B2 „ . (4.25) 
V2J (y/l + c —v++) 3 

Let us prove that the expression 

{B x + B 2 ) (1 + X)~* , X = c—v ++ (4.26) 

is reduced to a total harmonic derivative, modulo purely analytic terms which disappear 
under the Berezin integral over the full harmonic superspace. 

The proof for the terms ~ B\ and ~ B 2 can be carried out independently, so we start 
with the first term. 

As a first step, let us note that v + ~ in B\ = r]~v^ £ + — r] + v H £~ can be replaced 
by v + ~ = v + ~ — c H , c + ~ = c tk u^u^ . For the first term in B\ this is evident, since the 
difference is an analytic superfield. For the second term this follows from the identity 



(V + C + -C)(l + X)~ =D- 



rj + c £' 



VTTx (l + VTTx) 



(4.27) 



which can be easily checked. 

Next, we need to show the existence of a function F ++ , such that 



3 , , , , . .3 



B x (1 + X)~* = (r]-v + -^ + - r] + v + -C) (1 + Xy* = D—F ++ . (4.28) 
Choosing for F ++ the Ansatz 

F ++ = f x {X) ( V -v ++ t) + h(X) ( V + v ++ C) , (4.29) 
and comparing both sides of ()4.28|) . we find 

f 1 = -f 2 = 1 . (4.30) 

v / r+A(i + v / rTA) 1 ; 

Proceeding in a similar way, it is straightforward to show that the term proportional 
to B 2 in (|4.26|) is also reduced to a total harmonic derivative 

B 2 (1 + Xy^ = D ++ G— + analytic terms . (4.31) 



3 This harmonic integral has been computed in |39| . 
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Indeed, making the Ansatz 

G-- = gi(X) {v + c~-C 

it is easy to find 



1 



g 2 {X) ( V -c + -C 



1 



92 



9i 



VT+x l + VT+x 

In obtaining this result, we made use of the relation 

c ++ c--(c + -? = l. 



(4.32) 
(4.33) 

(4.34) 



Thus, we proved that the term ()4.25|) vanishes and so the action (J4.19J) possesses N = 8 
supersymmetry. 

Finally, we should prove the N = 4 superconformal invariance of the entire action 
f)4.19j) . The invariance of the first and third terms was shown in |22j and so it 
remains for us to prove this property for the second term. 

As shown in the measure of integration over the analytic superspace is invari- 
ant under the N = 4 superconformal group (OSp{4*\2) in our case), while the involved 
superfields are transformed as 



5i + = A£+, 5£ + = A£+, 5v ++ = 2A (v++ + c++) - 2A++c 4 



(4.35) 



where A ++ = D ++ A, (D ++ ) 2 A = 0. Here the analytic superfunction A contains all 
parameters of superconformal transformations (see j2H| for details). The variation of the 
second term in (j4.19|) under these transformations is 



A 



A(X + c ++ c 



D ++ Ac + -c 



(1 + X)f (1 + X)~i (1+X)i 

The last term in ()4.3(ij) is vanishing under the harmonic integral, because 



(4.36) 



c+- C — + = -D- 



3 + 3A + X 2 



-. \2 



1+X)2 1 + (1+X) 



and one can integrate by parts with respect to D ++ and make use of the relations 
(D ++ ) 2 A = and £> ++ £ + = 0. Then is reduced to 



l+A + 3(c" 



— \2 



(4.37) 



+ 

It can be checked that the expression in the square brackets is equal to 

P ++ ) 2 [A(X)(c-) 2 } , 

where the function fi(X) already appeared in (J4.30|) . Integrating by parts with respect 
to (D ++ ) 2 we find that the variation (J4.37|) is vanishing under the harmonic integral, once 
again due to harmonic constraints on £ + and A. 
We finish with two comments. 
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First, we wish to point out that the actions (|4.6|) and (J4.19|) . though describing the 
same system, are defined on N = 4 superspaces with drastically different superconfor- 
mal properties and so cannot be related by any equivalence transformation. Indeed, the 
manifest superconformal group of ()4.6|) realized on the coordinates of the corresponding 
N = 4 superspace is SU(1, 1|2), and it is the only iV = 4, d = 1 superconformal group 
compatible with chirality. On the contrary, the manifest superconformal group of (J4.19j) 
acting in the relevant N = 4 superspaces is OSp(4*\2). Both actions have hidden N = 4 
superconformal symmetries which close on OSp(4*\4) together with the manifest ones; 
they are given by OSp(4*\2) in the first case and S77(l,l|2) in the second one. These 
hidden superconformal symmetries are not realized on the N = 4 superspace coordinates, 
but rather they transform the involved N = 4 superfields through each other. Thus, the 
actions ()4.6|) and ()4.19|) bring to light different symmetry aspects of the same N = 8 
superconformal system. Of course, these two different N = 4 actions yield the same com- 
ponent action; also, they both can presumably be obtained from the single superconformal 
action of in N = 8, d = 1 superspace, e.g. in N = 8, d = 1 harmonic superspace which 
is a straightforward reduction of the N = 2, d = 4 one |3U1 I3*T] . We do not address the 
latter issue in this paper. 

The second comment concerns an interesting dual role of the parameter m. In the 
action ()4.6|) it is hidden inside the superfield v, does not appear in the transformations 
of the implicit N = 4 Poincare supersymmetry (|3.17|) and is revealed only after passing 
to the component action, where it produces a scalar potential and magnetic monopole 
terms (it yet reappears, due to (|3.16j) . in the anticommutators of the implicit Poincare 
supersymmetry and the manifest SU(1, 1|2) superconformal symmetry). On the contrary, 
in the alternative splitting considered here this parameter appears already in the trans- 
formations of the second N = 4 Poincare supersymmetry (|3.4|) . (j4.18|) and is explicitly 
present in the superfield action (J4.19|) as the coefficient before the superconformal su- 
perfield potential term. As follows from (|3.4j) and (|4.18|) . at m ^ the implicit half of 
N=8,d = 1 Poincare supersymmetry is spontaneously broken, being the relevant 
Goldstone fermions with an inhomogeneous transformation law. Since, by construction, 
all fermions in the theory are the Goldstone ones for the conformal supersymmetry and so 
transform inhomogeneously under the latter, we conclude that there is a linear combina- 
tion of the implicit N=4 Poincare supersymmetry generators and half of those of the N=8 
conformal supersymmetry which remains unbroken at m ^ 0. At m = unbroken is the 
entire N=8, d—1 Poincare supersymmetry. So the structure of the vacuum symmetries of 
the model essentially depends on the parameter m. 

5 N=8, d=l vector multiplet 

In this section we shall analyse, along the same line, the off-shell N = 8 multiplet (5, 8, 3) 
considered in [TTJ |2H • As new results, we shall study its superconformal properties 
(which has not been done before), show the existence of a second N = 4 splitting for it 
and construct the corresponding N = 8 superconformal invariant off-shell actions. 
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5.1 Superconformal properties in N=8 superspace 

In analogy with the N = 8 tensor multiplet, the N = 8 multiplet (5, 8, 3) employed 
in JT] can also be obtained from the proper nonlinear realization of the supergroup 
OSp(A*\A). The corresponding supercoset contains the bosonic coset U Sp(4) / ' Spin(4) ~ 
SO(5)/ SO(4), four out of five physical bosonic fields of the multiplet in question being 
the corresponding coset parameters. The remaining field, as in the previous case, is the 
dilaton associated with the generator D. As opposed to the previous case in which the 
supercoset contained the coset SU(2)r/U(1)r of the R-symmetry group SU(2)r (with 
generators T zk ), in the present case this SU(2) R as a whole is placed into the stability 
subgroup. Thus we are going to construct a nonlinear realization of the superconformal 
group OSp(4*\4) in the coset superspace sui^fa^soii) P arame trized as 

g = e itP e ^aQ la +d la Q' a e ^ a S' a +Zi a S' a e izK e iuD e iv aa U aa /g j\ 

In order to find superconformal covariant irreducibility conditions on the coset super- 
fields, we must impose, once again, the inverse Higgs constraints [37] on the left-covariant 
osp(4*|4)-valued Cartan one-form Q . In full analogy with (|2.22jl . we impose the following 
constraints 

Ud = , u% a \ = . (5.2) 

These constraints are manifestly covariant under the left action of the whole supergroup. 
They allow one to trade the Goldstone spinor superfields and the superfield z for the spinor 
and t-derivatives of the remaining bosonic Goldstone superfields u, v aa . Simultaneously, 
they imply the irreducibility constraints for the latter 

D lb V aa + 5 h XJA = , V l/3 V aa + 5iD\U = , (5.3) 

where 



2V /2-V 2 \ tan \rr 

V aa = e-^ 2 , U = e--(—- 2 y V^—ZJ-Va,,. (5.1) 



Note that the superfields U, V aa provide an example of how to construct a linear 
representation of SO (5) symmetry in terms of its nonlinear realization. Indeed, with 
respect to £0(4) ~ SU(2) x SU{2) the superfield V aa is a 4-vector, in accordance with 
its spinor indices, and U is a scalar. With respect to the SO (5)/ SO (4) transformations 
generated by the left action of the group element 

g x = e ia ™ uaa , (5.5) 

these superfields transform as 

SV* a = a aa U, 5U = -2a aa V aa , (5.6) 

thus constituting a vector representation of S0(5). Roughly speaking, the S0(5)/ S0(4) 
superfield V aa represents the angular part of this SO (5) vector, while e~ u is its radial 
part. Indeed, 

U 2 + 2V 2 = e~ 2u . (5.7) 
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Under (J5.5)) the coordinates also transform, as 



S9 ia = a m 0? , 8$ ia = a aa 6? . (5.8) 

The transformation properties of the superfields u, V aa under the conformal super- 
symmetry generated by the left shifts with 

can be easily found 

5u = -2% (e ia 6 ia + e ia $ ta ) , 5V aa = 2i (Sffi + V*V?) A pb + 2iA ab V b a +2iA a ^ . (5.10) 
Here 

A aa = ia e a + $i a e\ , A ab = 6 ia e\ + 0j&e* , A a/3 = ■&i a e % ^ + . (5-11) 



5.2 Two N=4 superfield formulations 

As in the case of the N = 8 tensor multiplet, we may consider two different splittings of 
the N = 8 vector multiplet into irreducible N = 4 superfields. They correspond to two 
different choices of N — 4, d — 1 superspace as a subspace of N — 8, d — 1 superspace. 

The first N = 4 superspace is parametrized by the coordinates {t, 6i a }- It follows from 
the constraints (|5.3J) that the spinor derivatives of all involved superfields with respect to 
d ia are expressed in terms of spinor derivatives with respect to 9 ia . This means that the 
only essential N = 4 superfield components of V aa and U in their ^-expansion are the 
first ones 

V aa = V Qa |t?=o , U = W|^=o • (5-12) 

They accommodate the whole off-shell component content of the iV = 8 vector multiplet. 
These five bosonic N = 4 superfield are subjected, in virtue of ([5.3)1 . to the irreducibility 
constraints in N = 4 superspace 

D i(ayb)a = jyfflj^b)^ = g 

Thus, from the N = 4 superspace perspective, the vector N = 8 supermultiplet amounts 
to the sum of the N — 4, d — 1 hypermultiplet V aa with the (4, 4, 0) off-shell component 
content and the N = 4 'old' tensor multiplet U with the (1, 4, 3) content. 

The transformations of the implicit N = 4 Poincare supersymmetry, completing the 
manifest one to the full N = 8 supersymmetry, have the following form in terms of N = 4 
superfields: 

S*V aa = ViaDlU , 6*U = ^*D m V: . (5.14) 

Another interesting N = 4 superfield splitting of the N = 8 vector multiplet can be 
achieved by passing to the complex parametrization of the N = 8 superspace as 

{t, &ia = e ia + i^, er = e ia - , (5.15) 

with a manifest diagonal su(2) (this is just the parametrization corresponding to the 
direct reduction from N = 2, d = 4 superspace, with the spinor derivatives satisfying the 
algebra (|2.7)1 ). In this superspace we define the covariant derivatives T> ia 1 T>^ as 

V ia = -= (D ia - iV ia ) , V ia = —= (D ia + iV ia ) , {V ia ,V^} = 2it l] e af3 d t (5.16) 
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(the indices j3 and a are indistinguishable with respect to the diagonal 577(2)) and pass 
to the new notation 

V = -e aa V aa , W al3 = V (a/3) = - (V al3 + V pa ) , W = V + iU, W = V - iU .(5.17) 
In this basis of N = 8 superspace, the original constraints (|5.3|) amount to 9 

piayy/3 7 = _I ^ a V ij W + e ja V i/3 W) , £> iQ >V /37 = — (e^V^W + e ya V il3 W) , 

P ia VV = 0, ifw = , (V ka V l a ) W = {V k a V ia )W . (5.18) 

Next, we single out the N = 4, d = 1 superspace in ()5.15j) as (t, a = 0i a , # a ) and split 
our N = 8 superfields into TV = 4 ones in the standard way. As in the previous cases, 
the spinor derivatives of each N = 8 superfield with respect to 6 and 62a, due to the 
constraints ()5.18j) . are expressed as derivatives of other superfields with respect to 6 a and 
6 a . Therefore, only the first (i.e. taken at 6 =0 and 62a = 0) TV = 4 superfield 
components of N = 8 superfields are independent. They accommodate the entire off-shell 
field content of the multiplet. These N = 4 superfields are defined as 

$ = W|, ,$ = W|, W aP = W aP \ (5.19) 

and satisfy the constraints following from ()5.18|) 

£> Q $ = , V a ^> = , V {a W^ ] = V^W^ = , V a = V la , V a = Vi a . (5.20) 

They tell us that the N = 4 superfields $ and $ form the standard N = 4 chiral multiplet 
(2,4,2), while the N = A superfield W a ^ is recognized as the N = 4 tensor multiplet 
(3, 4, 1). Just this N = 4 superfield set has been proposed in [TT] to represent the vector 
N — 8, d — 1 supermultiplet in question. As we see, it provides another 'face' of the 
same N = 8 multiplet defined by the N = 8 superspace constraints (|5.3j) . The first 'face' 
(unknown before) is the set (1, 4, 3) © (4, 4, 0) considered earlier. 

The implicit N = 4 supersymmetry is realized on W a/3 , $ and $ as 

5 * w «p = I _ fj(p"D0)$\ ; 5*$ = -r) a V P W£ , 5*$ = -\f\ a VpW^ . (5.21) 

2 V / 3 3 

5.3 N=8 supersymmetric actions in N=4 superspace 

As we showed, the N = 8 vector multiplet has two different descriptions in terms of N = 4 
superfields, the 'new' and 'old' ones. The first (new) description involves the N = 4 'old 
tensor' multiplet U and the 'hypermultiplet' V aa obeying the constraints (|5.13|) . 

For constructing the N = 4 superfield superconformal action for this case, we start 
with the following Ansatz: 

1 fv 2 Y 1 

L = ^ + V4 = l fl + -Vo n U- , L = 7 r (5.22) 

n=l U n=l \ U J U 



9 This form of constraints is a direct e? = 1 reduction of the N = 2 superfield constraints of iV = 2, d = 4 
supersymmetric abelian gauge theory. They can be solved through the d — 1 analytic harmonic gauge 
potential [2SJ like their d — 4 counterparts PUJ |^ . 
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where L Q is the OSp(4*\2) superconformal invariant action for U [36 J. 

The complete action ([5.22)1 . by construction, possesses N = 4 superconformal OSp(4*\2) 
invariance. Indeed, with respect to the particular subset of transformations (j5.10j) with 

£la — e a i ^2a = ; ^ia = , (5.23) 

which do not mix the superfields IA and V aa and preserve the N = 4 superspace (t, 9 ia ) = 
(t, 9 a , —9 a ) , the measure transforms as 

5(dtd 4 6) = 2i{eJ a + ^Oa^dtcfe) , (5.24) 

while 

5(V 2 ) = (5.25) 

and, therefore, 

6(V 2 ) = 4i(eJ a + ^(V) 2 , SU = 2i(eJ a + <?Q a )U (5.26) 

(recall the relations (|5.4)l ). Since (v 2 /U 2 ^j is invariant with respect to (|5.26jh it follows 
from the representation (|5.22j) that L transforms as 

5L = -2i{eJ a + e a 9 a )L, (5.27) 

which cancels the variation of the measure (|5.24|) . 

Now we should choose the coefficients a n so as to make the action ()5.22|) invariant 
with respect to the implicit N = 4 supersymmetry ()5.14j) . The variation of the first term 
under ([5.14)1 can be represented as 

5L = ^C^- =>ai = --. (5.28) 
2W 2 K ' 

Going further, one finds the following recurrence relation between the coefficients a n which 
ensures the invariance of the action ()5.22j) : 

an+1 = ~ (n + 2)(n + lf n ^ an= 2»-i(n + l)!(n-l)! ' (5 ' 29) 

Let us note that the same relations among the coefficients a n ()5.29j) appear if we 
require the invariance of the action (|5.22|) under the SO(5)/SO(4) transformations (|5.6jl . 
()5.8j) which, in terms of iV=4 superfields, look as follows 

S*V aa = a aa U + a ah Q\D\U , 5*U = -2a aa V aa + l -a aa 6tD lb V a b . (5.30) 
Indeed, the variation of Lq after integrating by parts can be cast in the form 

SL = i f X + Xr J , where X = a aa V a \ Y = a^Opy* (5.31) 



W V U 

while the variation of generic term A n in (15.22)1 is as follows: 

(2n + l)(n+ 1) V 2 



SA n = 2a r 



n + 



n + 2 W 



v>2(n-l) / 

'x + ^\. (5.32) 



U 2n V U 
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It is easy to see that, with a n as in (J5.29|) . all terms in the 5*0(5) variation of (J5.22j) are 
cancelled among themselves. 

Summing up all terms, we get the N = 8 supersymmetric Lagrangian in the closed 
form 

L = 2 (5.33) 

U + VW 2 + 2V 2 

Thus, the action 

S = 2 [ dtd 4 9 1 (5.34) 

J U+ \IW + 2V 2 

possesses both N = 4 superconformal symmetry and N = 8 supersymmetry. The closure 
of these two supersymmetries yields the whole N = 8 conformal supergroup 05p(4*|4), 
which thus represents the full invariance group of ()5.34j) . 

The second possibility includes the N = 4 tensor W af3 and the chiral $, 5> multiplets 

The free action invariant under the implicit N = 4 supersymmetry (j5.21|) reads 

S free = J dtd 4 9 (w 2 - . (5.35) 

The N = 4 superconformal invariant action which is invariant also under (j5.21|) has the 
very simple form 



log (jW 2 ' + sjw 2 + i$$ 



S kin = 2 J dtd A 9 ^ '- . (5.36) 

The proof of = 4 superconformal symmetry in this case (it is now SU(1, X 1 2) ) is similar 
to that performed in Section 4.1. Indeed, under the restriction (|4.7|) the transformation 
of the measure is the same as in (|4.9jl and 

5(W 2 ) = 4i(e a 9 a + ^e^iW 2 ) , 5$ = 4ie a 9 a $ , 5$ = 4ie a 6 a <$> . (5.37) 

Once again, one may be easily convinced that the variation of the Lagrangian in ()5.36|) 
cancels the variation of the measure. This proves the N = 4 (and hence N = 8) super- 
conformal invariance of the action (|5.36|) . 

The bosonic part of the action ()5.36j) has the very simple form 

f WcsW^ + M 
S B = dt — 2-s- . (5.38) 

j (w 2 + \<&<$>y 
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It is invariant under the 5*0(5) transformations ()5.5|) which are realized on the bosonic 
fields as 

5$ = _ia$ - 2ia a pW a ?, 5$ = ia$ + 2ia a/3 W al3 , 5W a p = --a a0 ($-$), (5.39) 
where 

a = -e aa a aa , a aP = a (a/3) = - (a af3 + a pa ) . (5.40) 
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This action supplies a particular case of the SO (5) invariant bosonic target metric found 
in [TI]. The most general SO (5) invariant metric of jTTj can be reproduced from the 
superfield action constructed as the sum of (|5.36|) and the non-conformal (but SO (5) 
invariant) action (|5.35|) . 

Let us recall that the N = 4,d = 1 tensor multiplet admits a, N = 4 superconformal 
invariant potential term |2*2*1 123] . but the latter can be written only in terms of the 
prepotential for W a ^, or as an integral over the analytic harmonic superspace j22]- This 
term can be promoted to a N = 8 superconformally invariant one. However, this issue is 
out of the scope of the present paper. We plan to consider it elsewhere. 

6 Conclusions 

In this paper we constructed new models of iV=8 superconformal mechanics associated 
with the off-shell multiplets (3, 8, 5) and (5, 8, 3) of N=8, d—1 Poincare supersymmetry. 
We showed that both multiplets can be described in a iV=8 superfield form as prop- 
erly constrained Goldstone superfields associated with suitable cosets of the nonlinearly 
realized N=8,d=l superconformal group OSp(4*\4). The N=8 superfield irreducibility 
conditions were derived as a subset of superconformal covariant constraints on the Car- 
tan super one-forms. The superconformal transformation properties of these iV=8, d=l 
Goldstone superfields were explicitly given, alongside with the transformation of the co- 
ordinates of N=8, d=l superspace. Although these superfield irreducibility constraints 
can also be reproduced, via dimensional reduction, from the analogous constraints defin- 
ing off-shell d=4 tensor and vector multiplets in d—4 superspace, our method, being 
self-contained in d—1, is not tied to such a procedure. Also, the field contents of the 
considered d—1 multiplets differ essentially from those of their d—4 ancestors. 

Apart from the N=8 superfield description, we presented several N=4 superfield for- 
mulations of these d=l multiplets. As an interesting phenomenon, we revealed the exis- 
tence of two different N=4 'faces' of each single N=8 multiplet. These alternative N=4 
formulations deal with different pairs of off-shell N=4 multiplets (see (jl.ljl and (|1.2p ) 
and generically manifest different N=4 superconformal subgroups of OSp(4*\4). More 
concretely for both and (jl.2|) . the first splitting features the superconformal N=4 
subgroup S77(l, 1|2) (with some central charges added) while the second one involves 
OSp(4*\2). We constructed iV=8 superconformal invariant off-shell N=4 superfield ac- 
tions for all four splittings considered. To our knowledge, these actions have not yet 
appeared in the literature. As a subsymmetry of OSp(4*\4) they all respect a hidden 
USp(4) ~ SO(5) symmetry. Hence, for the multiplet (5,8,3) our superconformal ac- 
tions provide a special case of the SO(5) invariant N=4 superfield action of ^T] (which 
presented the target metric but not the action). 

An obvious project for future study is to investigate the implications of our N=8 su- 
perconformal mechanics models for the AdS2,/CFT 1 correspondence. Indeed, the N=4 
superconformal mechanics associated with the multiplet (3, 4, 1) [23] is believed to be 
equivalent, both classically and quantum-mechanically 021113], to a superparticle on the 
supercoset S o(i^i)®u(i) wmcn is a superextension of AdS2 x S 2 . One of the N=8 mod- 
els considered here, namely the one associated with the multiplet (3,8,5), is a further 
superextension of the N=4 superconformal mechanics just mentioned, with the bosonic 
sector unchanged. It is therefore natural to expect a relation to some AdS2 x S 2 super- 
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particles defined on appropriate cosets of the supergroup 0Sp(4*|4) since it contains both 
577(1,1(2) and OSp(4*\2) as supersubgroups. The superconformal (5,8,3) SQM model 
can also have an interesting application in a similar context. As argued in jH], this type of 
N=8 superconformal mechanics may be relevant to the near-horizon AdS2 x S 4 geometry 
of a D5-brane in an orthogonal D3-brane background. The supergroup OSp(4*\4) just 
defines the corresponding superisometry. 

As proposed in [221, the models associated with the multiplet (5,8,3) can describe 
the dimensionally reduced Coulomb branch of d=4 Seiberg-Witten theory, and the cor- 
responding actions may be connected with the low-energy quantum effective action of 
this theory. It would be interesting to elucidate the role of the superconformal invariant 
model as well as the existence of its two different but equivalent N=4 descriptions from 
this point of view. 

Our main focus in this paper was on super conformally invariant actions of the N=8 
multiplets considered. One could equally well employ these off-shell multiplets for con- 
structing N=8 supersymmetric, but not superconformal, d=l models. It is desirable to 
learn what is the most general bosonic target geometry associated with such sigma models. 

Finally, let us recall that, besides OSp(4*\4), there exist other N=8, d=l superconfor- 
mal groups, namely OSp(S\2) , 77(4) and SU(1, 1|4) (sec e.g. [34J). It is clearly of interest 
to set up nonlinear realizations of all these supergroups, deducing the corresponding N=8 
multiplets and constructing the associated N=8 supersymmetric and superconformal me- 
chanics models. Certain steps towards this goal will be presented in a forthcoming paper 
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Appendix: Superalgebra osp(4*|4) 



Here we present the explicit structure of the superalgebra osp(4*\4) in the basis (j2.18|) . 
Boson-boson sector: 

i [D, P) = P, i [D, K] = -K, i [P, K) = -2D, i [T ij , T kl ] = e ik T jl + e jl T ik , 



\rpab ijicd~\ acrpbd , bdrpac 

1/ 1 ' J 1 J — 6 1 l "r £ J 1 > 



rpa(3 rp-yp 
1 2 i 1 2 



[Tf, U ca ] = - (e ac U ba + e bc U aa ) 



Tf, U a ~< 



1 



i [U aa , U hp ] = 2 (e^T? + e ab Tf" 
Mixed boson-fermion sector: 

i [P,Q ia ] = 0, % [P, Q ia ] = 0, % [P,S ia ] = -Q ia , % [P,S ia ] = -Q ia , 

i [D, Q ia ] = i [D, Q ia ] = l -Q a , i [D, S ia ] = -~S ia , i [D, S ia ] 

i [K, Q ia ] = S m , i [K, Q ia ] =S ia , i [K, S ia ] = 0, % [K, S ia ] = 0, 
% [U aa ,Q lb ] = e ab Q ia , i [U aa , Q ip ] = e af3 Q ia , i [U aa ,S ib ] = e ab S ia , 

i [U aa ,S lf3 ] = e al3 S ia , i [T ab ,Q c ] = - (e ac Q b + e bc Q a ) . 

Fermion-fermion sector: 

{Q ia ,Q lb } = -2e l] e ab P, {Q ia , Q^} = -2e lj e aP P, 
{S ia ,S jb } = -2e ij e ab K, {S ia ,S j(3 } = -2e ll e af3 K, 
{Q ia , S jb ] = 2 (e ab T lj - e ij e ah D - 2e ij Tf) , 
{Q ia , S ja } = -2e ij U aa , { Q ta , S ja } = -2e ij U aa , 

{Q ia ,S jp } = 2 ( e a/3 T ij - e ij e a(3 D - 2e ij T^ . 



(A.l) 



2 S 



(A.2) 



(A.3) 
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